Abstract. The Dirichlet characters of reduced residue systems modulo m are tabulated for moduli m ≤ 22. The associated L-series are tabulated for m ≤ 14 and small positive integer argument s accurate to 10 −50 , their first derivatives for m ≤ 6. Restricted summation over primes only defines Dirichlet Prime Lfunctions which lead to Euler products (Prime Zeta Modulo functions). Both are materialized over similar ranges of moduli and arguments. Formulas and numerical techniques are well known; the aim is to provide direct access to reference values.
1. Introduction 1.1. Scope. Dirichlet L-series are a standard modification of the Riemann series of the ζ-function with the intent to distribute the sum over classes of a modulo system. Section 1 enumerates the group representations; a first use of this classification is a table of L-series and some of their first derivatives at small integer arguments in Section 2.
In the same spirit as L-series generalize the ζ-series, multiplying the terms of the Prime Zeta Function by the characters imprints a periodic texture on these, which can be synthesized (in the Fourier sense) to distil the Prime Zeta Modulo Functions. Section 3 recalls numerical techniques and tabulates these for small moduli and small integer arguments.
If some of the Euler products that arise in growth rate estimators of number densities are to be factorized over the residue classes of the primes, taking logarithms proposes to use the Prime Zeta Modulo Function as a basis. The fundamental numerical examples are worked out in Section 4.
1.2. Dirichlet Characters. The Dirichlet characters χ r (n) (mod m) are shown in Table 1 -21 for small modulus m. The purpose of rolling out such basic information is that it tags each representation with a unique r for use in all tables further down.
Each table shows one character per line, lines enumerated by representation r, 1 ≤ r ≤ ϕ(m), where ϕ is Euler's totient function. The principal character χ 1 is the top line. The residues from 1 to m are indicated in the header row. The entries are either zero or roots of unity. As a shortcut to the notation,
(1) u j ≡ e 2πij/ϕ(m) ;ū j ≡ e −2πij/ϕ(m) , denote a root of unity and its complex conjugation. The conductor f (smallest induced modulus) is another column; it also indicates whether the character is Table 1 . χ r (n), m = 2, ϕ(m) = 1.
r 1 2 f 1 1 0 1 A000035 Table 2 . χ r (n), m = 3, ϕ(m) = 2.
r 1 2 3 f 1 1 1 0 1 A011655 2 1 -1 0 3 A102283 Table 3 . χ r (n), m = 4, ϕ(m) = 2. (im)primitive. Six-digit sequence numbers to matching periodic sequences in the Online Encyclopedia of Integer Sequences (OEIS) are included [27] .
The cases m ≤ 7 have been tabulated by Apostol [4] , some of the real characters by Davies and Haselgrove [8] , all up to m = 10 by Zucker and McPhedran [32] .
The calculations are based on standard algorithms: m is decomposed into its prime number factorization, the character table of each factor is constructed and these representations are multiplied following the group property (multiplication rule) for each pair of representations, looping over all products of representations [4, 28, 33] . Table 5 . χ r (n), m = 6, ϕ(m) = 2. r 1 2 3 4 5 6 f 1 1 0 0 0 1 0 1 A120325 2 1 0 0 0 -1 0 3 A134667 Table 6 . χ r (n), m = 7, ϕ(m) = 6. r 1 2 3 4 5 6 7 f 1 1 1 1 1 1 1 0 1 A109720 2 1 u 2 u 1ū2ū1 -1 0 7 3 1ū 2 u 2 u 2ū2 1 0 7 4 1 1 -1 1 -1 -1 0 7 A175629 5 1 u 2ū2ū2 u 2 1 0 7 6 1ū 2ū1 u 2 u 1 -1 0 7 Table 7 . χ r (n), m = 8, ϕ(m) = 4. Table 8 . χ r (n), m = 9, ϕ(m) = 6. r 1 2 3 4 5 6 7 8 9 f 1 1 1 0 1 1 0 1 1 0 1 A011655 2 1 u 1 0 u 2ū1 0ū 2 -1 0 9 3 1 u 2 0ū 2ū2 0 u 2 1 0 9 4 1 -1 0 1 -1 0 1 -1 0 3 A102283 5 1ū 2 0 u 2 u 2 0ū 2 1 0 9 6 1ū 1 0ū 2 u 1 0 u 2 -1 0 9
Remark 1. Because the χr(n) are completely multiplicative, the sequences of Dirichlet inverses are (2) χ
where µ is the Möbius function.
Dirichlet L-functions
2.1. Symmetries. The L-series are defined via the character table [26, 3, 6] . Table 10 . χ r (n), m = 11, ϕ(m) = 10. r 1 2 3 4 5 6 7 8 9 10 11 f 1 1 1 1 1 1 1 1 1 1 1 0 1 A145568 2 1 u 1ū2 u 2 u 4ū1ū3 u 3ū4 -1 0 11 3 1 u 2ū4 u 4ū2ū2 u 4ū4 u 2 1 0 11 4 1 u 3 u 4ū4 u 2ū3 u 1ū1ū2 -1 0 11 5 1 u 4 u 2ū2ū4ū4ū2 u 2 u 4 1 0 11 6 1 -1 1 1 1 -1 -1 -1 1 -1 0 11 A011582 7 1ū 4ū2 u 2 u 4 u 4 u 2ū2ū4 1 0 11 8 1ū 3ū4 u 4ū2 u 3ū1 u 1 u 2 -1 0 11 9 1ū 2 u 4ū4 u 2 u 2ū4 u 4ū2 1 0 11 10 1ū 1 u 2ū2ū4 u 1 u 3ū3 u 4 -1 0 11 Table 11 . χ r (n), m = 12, ϕ(m) = 4. Table 12 . χ r (n), m = 13, ϕ(m) = 12. r 1 2 3 4 5 6 7 8 9 10 11 12 13 f 1 1 1 1 1 1 1 1 1 1 1 1 1 0 1 2 1 u 1 u 4 u 2 −i u 5ū1 iū 4ū2ū5 -1 0 13 3 1 u 2ū4 u 4 -1ū 2ū2 -1 u 4ū4 u 2 1 0 13 4 1 i 1 -1 i i −i −i 1 -1 −i -1 0 13 5 1 u 4 u 4ū4 1ū 4ū4 1ū 4 u 4 u 4 1 0 13 6 1 u 5ū4ū2 −i u 1ū5 i u 4 u 2ū1 -1 0 13 7 1 -1 1 1 -1 -1 -1 -1 1 1 -1 1 0 13 A011583 8 1ū 5 u 4 u 2 iū 1 u 5 −iū 4ū2 u 1 -1 0 13 9 1ū 4ū4 u 4 1 u 4 u 4 1 u 4ū4ū4 1 0 13 10 1 −i 1 -1 −i −i i i 1 -1 i -1 0 13 11 1ū 2 u 4ū4 -1 u 2 u 2 -1ū 4 u 4ū2 1 0 13 12 1ū 1ū4ū2 iū 5 u 1 −i u 4 u 2 u 5 -1 0 13 Table 13 . χ r (n), m = 14, ϕ(m) = 6. r 1 2 3 4 5 6 7 8 9 10 11 12 13 14 f 1 1 0 1 0 1 0 0 0 1 0 1 0 1 0 1 2 1 0 u 1 0ū 1 0 0 0 u 2 0ū 2 0 -1 0 7 3 1 0 u 2 0ū 2 0 0 0ū 2 0 u 2 0 1 0 7 4 1 0 -1 0 -1 0 0 0 1 0 1 0 -1 0 7 5 1 0ū 2 0 u 2 0 0 0 u 2 0ū 2 0 1 0 7 6 1 0ū 1 0 u 1 0 0 0ū 2 0 u 2 0 -1 0 7 Table 14 . χ r (n), m = 15, ϕ(m) = 8. 
We provide an explicit table in Section 2.2, where the first column is the modulus m, the second column the representation r as in chapter 1.2, the third column s, and the final columns real and imaginary part of L(s, χr).
Cases where the values are complex conjugates of earlier values have been replaced by fillers. This happens whenever χr(n) =χ r ′ (n) for all n.
Another symmetry stems from [4] where d is an induced modulus, and ψ(n) the character modulo d identified by (6) χ(n) = ψ(n)χ1(n).
Example 1. Examples are related to conductors f < m in the tables of Section 1.2: Tables 3 and 1 . Tables 5 and 2 . Tables 7, 3 and 1.
at m = 3, relating Tables 8 and 2 . Tables 9 and 4. 2.2. m r s Re(L) Im(L) 2 1 2 1.23370055013616982735431137498451889191421242590510 0.00000000000000000000000000000000000000000000000000 2 1 3 1.05179979026464499972477089132251874191936300579794 0.00000000000000000000000000000000000000000000000000 2 1 4 1.01467803160419205454625346550734490885132901742381 0.00000000000000000000000000000000000000000000000000 2 1 5 1.00452376279513961613351031500525185030529714076748 0.00000000000000000000000000000000000000000000000000 2 1 6 1.00144707664094212190647858713793739465335159175109 0.00000000000000000000000000000000000000000000000000 2 1 7 1.00047154865237655475511163149159522241548962649832 0.00000000000000000000000000000000000000000000000000 2 1 8 1.00015517902529611930298724929572804156654297506137 0.00000000000000000000000000000000000000000000000000 2 1 9 1.00005134518384377259281790054250500567996990246638 0.00000000000000000000000000000000000000000000000000 
The case s = 1 has been included for the non-principal characters, where
leads to cancellations which ensure convergence [13] . The inner sum in
is converted to a rational polynomial in k with denominator degree at least 2 larger than numerator degree, and the k-sum becomes essentially an overlay of Harmonic sums. Table 22 shows the basic examples. ψ are the polygamma functions [1, §6.4].
Remark 3. For the principal character
2.3. First Derivative. The derivative of (3) with respect to s is
For s > 1, values are calculated by direct application of (3),
is expanded in a series around a center X ≡ km to which the indices have distances ǫ = −n,
Remark 4. The generalization to other s is [23] (14)
Multiplication with χ(n) and summation over the classes n for any non-principal character cancels the leading log X/X term-see (7)-and generates series [18, 15] (15)
with constants α j and β j depending on χ and on the order j.
Remark 5. Depending on the parity of the character, either the terms with even or those with odd j vanish. This reduction of terms has been driving the choice of X.
rewrite L ′ as a series over Zeta Functions. The k-terms up to some freely chosen M ≈ 40 are summed directly to accelerate convergence:
Remark 6. This can probably be formulated much more efficiently in terms of the Gauss sums [16] .
The results for L ′ (s, χ r ) start as follows: Restricting the summation of the Dirichlet series to primes defines functions S(s, χ) that mediate between Dirichlet series and the Prime Zeta Function. We recall an algorithmic standard of numerical computation [17, 7, 11] . The constituents are the numbers
with Mercator series
Because the Dirichlet inverse of 1/t is µ(t)/t, the Möbius inverse is [19, 9, 31] (21)
To accelerate convergence, the sum is split at some threshold value M ,
in which (21) is inserted at the right hand side:
Cutting also through the Euler products (3)
The logarithm (27) log
is inserted into the right hand side of (24).
Algorithm 2.
This generates a table of S(s, χ r ): 
This defines non-overlapping subseries of the Prime Zeta Function.
Definition 4. (Prime Zeta Modulo Functions)
Remark 8. The Prime Zeta-function P (s) is recovered if the filtering with the modular combs is undone:
The matrix of the characters is orthogonal [13] , so the inversion of (33) is
which acts on the individual terms and therefore remains valid for the incomplete sums,
The second terms take care of small primes for which χ(p) = 0. The case m = 2 is simply P 2,1 (s) = S(s, χ 1 ) because there is only one even prime, repeating values provided above. The block for m = 4, s ≤ 8 has been tabulated earlier [25] . Starting at m ≥ 3, the P m,n (s) are: There are obvious refinements in the table whenever classes of a (non-prime) modulus are a union of classes of smaller modulus [32] :
Example 2. The value P 6,1 (s) equals P 3,1 (s). The value P 6,5 (s) equals P 3,2 (s) − 1/2 s .
Example 3. The sum P 8,1 (s) + P 8,5 (s) equals P 4,1 (s). The sum P 8,3 (s) + P 8,7 (s) equals P 4,3 (s).
Example 4. The sum P 9,1 (s) + P 9,4 (s) + P 9,7 (s) equals P 3,1 (s).
Example 5. The P m,n (s) for the four classes at m = 10 are essentially a permutation of the four classes at m = 5, but P 5,2 (s) for m = 5 is P 10,7 (s) + 1/2 s at m = 10. 
The completely multiplicative arithmetic function c is defined as c m,n (q) = 0 if q has at least one prime factor = n (mod m), and c m,n (q) = 1 if all prime factors of q are ≡ n (mod m) or if q = 1.
Remark 9. The characteristic function c m,n (q) in (38) selects integers q that have prime power signatures with k = 1, 2, . . . (not necessarily distinct) primes all in the same residuum class, which is isomorph to the combinatorics of almost-prime signatures [20] . Therefore
where
are multinomials in the P m,n (s).
The ζ m,n are accessible via multiplicative mixing of the L-series if ϕ(m) = 2 [11, 10] . The simpler approach implemented here is to accumulate the P m,n (s) obtained in Section 3.2,
This evaluation may again be split at M using the same cut as in (34):
The associates to Definition 3 are
Remark 10. Reminiscent of (35), the Riemann zeta function collects all residue classes,
The product over the numbers listed times p≤m,(p,m)>1 (1 − p −s ) (that fall into the "trenches" where the χ = 0) compared with ζ(s) provides a check of numerical consistency.
Since ζ 2,2 (s) = 1/(1 − 2 −s ) and ζ 2,1 (s) = (1 − 2 −s )ζ(s) 12 8 1.00000000000000007994406162883878088020857262593051 13 1 9 1.00000000000000031150097204826235385099184690660513 13 2 9 1.00195694716242971182607098515474929837578033000774 13 3 9 1.00005080784480016209496894332103823058517537866064 13 4 9 1.00000000000843455488858953605829761601896243866660 13 5 9 1.00000051200029997198683874007350924549258790906337 13 6 9 1.00000000000309899472028921672415895159565981468997 13 7 9 1.00000002478093295208974043441590477715865823060752 13 8 9 1.00000000000000091056220987105603625495317383788354 13 9 9 1.00000000000000008590049414220139019734561868887637 13 10 9 1.00000000000055520105979951442654159259347801632351 13 11 9 1.00000000042410531599159375930025966011858684106293 13 12 9 1.00000000000000000077176759747135445834115901117478 13 1 10 1.00000000000000000582436025261336079496505043219966 13 2 10 1.00097751710654943973673794916106503092977782797456 13 3 compatible with constants A005597, A065418 and A065419 in the OEIS [27] . 
